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Abstract 

An algebra homomorphism ^ from the nonstandard g-deformed (cyclically symmetric) 
algebra U q (so3) to the extension t/^skj) of the Hopf algebra U q (s\2) is constructed. Not all ir- 
reducible representations of ^(s^) can be extended to representations of ^(skj). Composing 
the homomorphism ip with irreducible representations of U q (s\2) we obtain representations of 
Uqisos). Not all of these representations of U q (so3) are irreducible. Reducible representations 
of U q (so3) are decomposed into irreducible components. In this way we obtain all irreducible 
representations of U q (sc>3) when q is not a root of unity. A part of these representations 
turns into irreducible representations of the Lie algebra S03 when q — » 1. Representations of 
the other part have no classical analogue. Using the homomorphism ip it is shown how to 
construct tensor products of finite dimensional representations of U q {so^). Irreducible repre- 
sentations of U q {soz) when q is a root of unity are constructed. Part of them are obtained 
from irreducible representations of Uqisl?) by means of the homomorphism ip. 



I. INTRODUCTION 



It is well-known that the Lie algebras SI2 and SO3 of the Lie groups SL(2, C) and 5*0(3), respec- 
tively, are isomorphic. But these algebras differ from each other if we consider their embedding to 
the wider Lie algebra SI3. There is no automorphism of SI3 which transfers the embedding SI2 C SI3 
to the embedding so 3 C sl 3 . Note that the embedding so 3 C sl 3 is of great importance for nuclear 
physics: it is used in spectroscopy. 

The definition of the g-analogue of the universal enveloping algebra {/(sLj) is well-known. It 
is the quantum algebra ^(sLJ which is a Hopf algebra. If we wish to have a g-analogue of the 
universal enveloping algebra so 3 such that at q — > 1 we obtain the classical embedding so 3 C sl 3 , 
then the algebra SI2 is not appropriate for this role. By other words, an algebra U q (sos) must 
differ from [/^(sL)). This algebra U q (so3) is well. It is the associative algebra generated by three 
elements ii, I2 and ^3 satisfying the relations 



Such (and more general) deformation of the commutator [Jj, Ij] = I^Ij — Ijli was defined at 1967 by 
R. Santilli in the paper [1] (see also [2] and [3]) under studying a generalization of the Lie theory. 
Afterwards (in 1990), the algebra U q {soz) with commutation relations (l)-(3) was determined by 
D. Fairlie [4]. An algebra which can be reduced to U q {soz) was defined in 1986 by M. Odesski [5]. 

Fairlie [4] gave finite dimensional irreducible representations of the algebra U q (sos) which at 
q — > 1 give the well-known finite dimensional irreducible representations of the Lie algebra S03. 
These representations are given by integral or half-integral non-negative numbers. Odesski [5] also 
gave some classes of irreducible representations. 

It was shown (see [5-7]) that the algebra U q (so3) has irreducible finite dimensional representa- 
tions which have no classical analogue (that is, which do not admit the limit q — > 1). It was not 
clear why such strange representations of the algebra U q (so 3 ) appear. What is their nature? The 
answer to this question is one of the aims of this paper. 

We construct a homomorphism from U q (so 3 ) to the algebra f/ g (sl 2 ) which is an extension of the 
well-known quantum algebra t/^sLj) (note that there is no homomorphism from U q (so3) to [/^(sL))). 
Irreducible finite dimensional representations of U q (s\2) (but not all) can be extended to finite 
dimensional representations of the algebra ^(sLJ. Composing a homomorphism U q (so 3 ) — > ^(sLJ 
with these representations of f/^s^), we obtain representations of the algebra Ug^so^). But some 
of irreducible representations of U q (s\ 2 ) lead to reducible representations of the algebra U q (so 3 ). 
Decomposing these reducible representations of U q (so 3 ) we obtain irreducible representations of 
this algebra which have no analogue for the Lie algebra SO3. If q is not a root of unity, then in this 
way we obtain all finite dimensional irreducible representations of U q (so3). But there are infinite 
dimensional irreducible representations of U q (soz) which cannot be obtained in this way. 

Existence of the homomorphism U q (so 3 ) — > Ug^sh) allows us to define tensor products of 
representations of the algebra 6^(803) which is not a Hopf algebra. 

Using the homomorphism Ug^so^) — > U q (sh) and irreducible representations of U q (s\2) we 
obtain representations of U q (sos) when q is a root of unity. Taking irreducible representations of 
U q (so 3 ) obtained in this way and decomposing reducible representations, we obtain several series 



q 




/2 hh 



(i) 




(2) 
(3) 
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of irreducible representations of U q (so 3 ). In addition, we construct irreducible representations of 
U q (so 3 ) which cannot be derived from {/^(s^). 

When q is not a root of unity, then each irreducible (finite or infinite dimensional) represen- 
tation of U q (so 3 ) is equivalent to one of the representations constructed below. (We do not give a 
proof of this assertion in this paper because it would take much place; this proof will be given in 
a separate paper.) We think that in this paper we constructed also all irreducible representations 
of U q (so 3 ) when q is a root of unity. But in this case we have no proof of this assertion. The 
reason of this is that in this case there are many classes of irreducible representations and a proof 
of completeness of irreducible representations becomes very tedious. 

Let us remark that in [5] there were constructed irreducible finite dimensional representations 
of U q (sos) when q is not a root of unity and a part of irreducible infinite dimensional repre- 
sentations. In [6] and [7], there were constructed irreducible representations of U q (so 3 ) which 
satisfy the conditions of ^representations (that is, such that T(I*) = —T(Ij), j = 1,2). These 
^representations are a part of irreducible representations of U q (so 3 ) constructed in this paper. We 
started to study irreducible representations of Uq^sos) for q a root of unity in [8], where a part of 
irreducible representations for this case were constructed. Note that in [5-8] there are no relations 
of representations of U q (so 3 ) to representations of C/ 9 (sl 2 ). This relation makes representations of 
U q (so 3 ) clear and understandable. 

We suppose that in Sections II and III q is any complex number different from -1. In Sections 
IV- VII, q is not a root of unity. In Sections VIII-X, q is a root of unity. 

11. THE ALGEBRAS U q (so 3 ) AND U q (s\ 2 ) 

The algebra U q (so 3 ) is obtained by a g-deformation of the standard commutation relations 

[h,h\ = h, [I 2 ,h\=h, [h,h\=h 

of the Lie algebra SO3. So, U q (so 3 ) is defined as the complex associative algebra with unit element 
generated by the elements ii, I 2 , I 3 satisfying the defining relations 

(4) 

(5) 
(6) 

Unfortunately, a Hopf algebra structure is not known on U q {so 3 ). However, it can be embedded 
into the Hopf algebra U q {s\ 3 ) as a Hopf coideal (see [9]). This embedding is very important for 
the possible application in spectroscopy. 

It follows from the relations (4)-(6) that for the algebra U q (so 3 ) the Poincare-Birkhoff-Witt 
theorem is true and this theorem can be formulated as: The elements l\l™I 3 , k,m,n — 0, 1, 2, • • 
form a basis of the linear space U q (so 3 ). Indeed, by using the relations (4)-(6) any product 
■ ■ ■ Ij s , ji, j 2 , • • • ,j s = 1, 2, 3, can be reduced to a sum of the elements l\l™I 3 with complex 
coefficients. 

Note that by (4) the element I 3 is not independent: it is determined by the elements h and 

1 2 . Thus, the algebra U q (so 3 ) is generated by I\ and I 2 , but now instead of quadratic relations 
(4)-(6) we must take the relations 

hi! ~(q + q'^hhh + I\h = ~h, (7) 



[h,h] q 


:= q 1/2 hh 


- q 


~ 1/2 hh 


= h, 


[h,h} q 


■= q 1/2 hh 


- q 


- 1/2 hh 


= h, 


[h, h] q 


■= q 1/2 hh 


- q 


- 1/2 hh 


= h- 
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hl\ - (q + q^hhh + Ilh = ~h, (8) 

which are obtained if we substitute the expression (4) for I 3 into (5) and (6). The equation 
Is = q 1 l 2 I\l2 — q~ l l 2 l2l\ and the relations (7) and (8) restore the relations (4)-(6). 

Remark that the definition of U q {so 3 ) by means of relations (7) and (8) was used in [9] for 
the embedding of U q {soz) to U q {s\z). The relations (7) and (8) differ from Serre's relations in the 
definition of quantum algebras by V. Drinfeld and M. Jimbo by appearance of non- vanishing right 
hand sides. 

The algebra U q {sos) is closely related to (but not coincides with) the quantum algebra £/,j(sl 2 ). 
The last algebra is generated by the elements q H , q~ H , E, F satisfying the relations 



q H q~ H = q~ H q H 



= 1, q H Eq~ H = qE, q H Fq- H = q^F, (9) 



Q 2H — Q- 2H 

[E, F] := EF — FE = (10) 

q-q- 1 

Note that £/g(sl 2 ) is the associative algebra equipped with a Hopf algebra structure (a comulti- 
plication, a counit and an antipode). In particular, the comultiplication A is determined by the 
formulas 

A(q ±H ) = q ±H <g> q ±H , A(E) = E ® q H + q~ H ® E, 

A(F) = F <g> q H + q~ H ® F. 

In order to relate the algebras U q (so 3 ) and £/ ? (sl 2 ) we need to extend ?7 g (sl 2 ) by the elements 
(q k q H + q~ k q~ H )~ l in the sense of [10]. We denote by £/g(sl 2 ) the associative algebra with unit 
element generated by the elements 

q H , q~ H , E, F, {q k q H + rt"") -1 , k e Z, 

satisfying the defining relations (9) and (10) of the algebra f/ g (sl 2 ) and the following natural 
relations: 

(q k q H + q- k q- H )-\q k q H + q~ k q~ H ) = (q k q H + q~ k q- H )(q k q H + fV^ 1 = 1, (H) 

q ±H ( q k q H + <r V*)" 1 = (?V + <rV*r V", (12) 

(q k q H + q^^E = E(q k+1 q H + q'^q' 11 )- 1 , (13) 
(q k q H + q^q'^F = F(q k - l q H + q- k+1 q' H )-\ (14) 

Note that the algebra t/" ? (sl 2 ) has finite dimensional irreducible representations T\ = t/ _1 \ 
I — 0, |, 1, §, • • •, acting on the vector spaces Hi with bases \m), m — — I, — I + 1, • • • , I. 
These representations are given by the formulas 

T[ 1) (q H )\m) = q m \m), T^{E)\m) = [I - m\\m + 1), (15) 

t/^(F)|to) = [l + m]\m—l), (16) 
where a number in square brackets means a g-number, defined by the formula 



and by the formulas 

T^\q H )\m) = -q m \m), T^{E) = T^(E), if V) = ^(F), (17) 

TP(q H )\m) = iq m \m), T®(E) = T?\e), T«(F) = -T z (1) (F), (18) 

Tt\q H )\m) = -ig m |m), T^{E) = T« (£), r/'V) = -T«(F). (19) 



The representations T/ -1 \ t/ 1 -*, t/ -1 \ Z = 0,|,1, §,•••, are pairwise non-equivalent, and any 
finite dimensional irreducible representation of U q {s\2) is equivalent to one of these representations 
(see, for example, [11], Chapter 3). 

Now we wish to extend these representations of U q (s\2) to the representations of U q {s\2) by 
using the relation 

T((q k q H + q- k q- H )- 1 ) := (q k T(q H ) + q- k T{q- H ))- 1 . 

Clearly, only those irreducible representations T of U q (s\ 2 ) can be extended to ^(s^) for which 
the operators q k T(q H ) + q~ k T(q~ H ) are invertible. From formulas (15)— (19) it is clear that these 
operators are always invertible for the representations t/ l \ I — 0, |, 1, §, • • • , and for the 
representations I — |, |, |, • • •. For the representations t/ 1 "*, t/ _1 \ / = 0, 1, 2, • • •, some 

of these operators are not invertible since they have zero eigenvalue. Denoting the extended 
representations by the same symbols, we can formulate the following statement: 

Proposition 1. The algebra U q {s\2) has the irreducible finite dimensional representations 
t/ 1 - > ; I = 0, |, 1, |, • • • , and t/ '\ I = |, |, |, • • •. ylny irreducible finite dimensional 
representation of £/ ? (sl 2 ) equivalent to one of these representations. 

III. THE ALGEBRA HOMOMORPHISM E/,(so 3 ) -> l\(sl 2 ) 

The aim of this section is to give (in an explicit form) the homomorphism of the algebra U q (so3) 
to £/,j(sl 2 ). This homomorphism is described by the following proposition: 

Proposition 2. There exists a unique algebra homomorphism ip : Uqiso^) — > t/g(sl 2 ) snc/i t/iat 

i>( I i) = ^z T (q H -q- H ), (20) 

^(/ 2 ) = (E-F)(g^ + g^)- 1 , (21) 
^(/s) = (n H ~ 1/2 E + iq- H - l/2 F){q H + q' H )-\ (22) 
where q H+a ■= q H q a for a G C. 

Proof. In order to prove this proposition we have to show that 

q l ^(h)4>(I 2 ) - q- l ^(I 2 )4>(h) = ^(/ 3 ), 

q 1/2 HhMh) ~ q- 1/2 HhMh) = 1>(h), (23) 
q^MhWh) - q- 1/2 ^(hMh) = 

Let us prove the relation (23). (Other relations are proved similarly.) Substituting the expressions 
(20)-(22) for ip(Ii), i = 1,2,3, into (23) we have (after multiplying both sides of equality by 
(q H + q~ H ) on the right) the relation 

q(E - F)Eq H (qq H + q^q' 11 )' 1 + q{E - F)Fq' H {q- 1 q H + qq' 11 )' 1 - 
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-qE 2 q H (qq H + g^g"")" 1 - q~ l FEq- H {qq H + (rV*)- 1 ^- 

+g- 1 £Fg"(g- 1 g" + gg^)" 1 + gF 2 g-"(<T V + gg"")" 1 = i g ~ \ . 

Q — Q 

The formula (23) is true if and only if this relation is correct. We multiply both its sides by 
(gg H + q~ l q~ H )(q~ 1 q Ii + qq~ H ) on the right and obtain the relation in the algebra U q {s\2) (that is, 
without the expressions (q k q H + q~ k q~ H )~ 1 ). This relation is easily verified by using the defining 
relations (9) and (10) of the algebra U g (s\ 2 )- Proposition is proved. 

IV. FINITE DIMENSIONAL REPRESENTATIONS OF U q (so 3 ): q IS NOT A ROOT OF UNITY 

We assume in Sections IV- VII that q is not a root of unity. 

If T is a representation of the algebra U q (s\2) on a linear space V, then the mapping R : 
U q (so 3 ) — > V defined as the composition R = Toip, where ip is the homomorphism from Proposition 
2, is a representation of U q (so 3 ). Let us consider the representations 

R? = T« o R^ = T/- 1} o ^ RP=T^o^ R\^=T}-' l) o^ 

of U q (sos), where t/ _1 \ t/ -1 ^ are the irreducible representations of C/ g (sl 2 ) from Propo- 
sition 1. 

Using formulas for the representations t/ ±1 ' ) of U q (sl2) and the expressions (20)-(22) for 
j = 1, 2, 3, we find that 

R^^lm) =i[m]\m), 
R ?^)\ m ) = qmlq-m W -m]\m+l)-[l + m}\m - 1)}, 

R { '\h)\m) = \ {q m [l -m]\m + l) + q- m [l + m]\m-l)} 
for the representation R^ and 

R^mm) = -i[m]\m), R^ih) = -R?\h), R^ih) = R?\h). 

Denoting the vectors \m) by | — m) for the representations R\~^ we easily find that the matrices of 
the representation R\~ 1 ^ in the basis \ —m),m— —I, —l + l,---,l, coincide with the corresponding 
matrices of the representation R^. Thus, the non-equivalent representations and T 1 / ^ of 
the algebra U q (s\2) lead to equivalent representations of U q (so 3 ). 
For the representations and R\~^ we have 

Rf\l 1 )\m) = - q -^- r \m), 

R$\h)\m) = i [l ' m] \m + 1) + i [l + m] \m - 1), 
« v ' 1 ' qtn q~ m q m q~ m 

R '(hMm) = — - -\m + 1) - m - 1) 



and 



qm q~~ m q m q~~ m 



p( -i) /ni v g m + g~ m , v 

R\ >{h)\m) = —— — r \m) 



qm q~ m q m q~~ m 

Proposition 3. The representations of U q (so 3 ) are irreducible. The representations 
and R\ ^ are reducible. 

Proof. To prove the first part of the proposition we first note that since q is not a root of unity, 
the eigenvalues i[m], m = —I, — I + 1, • • • , I, of the operator i?^(7i) are pairwise different. 

Let V be an invariant subspace of the space Hi of the representation R^\ and let v = 
Ysmi a i\ m i) e Vi where \rrii) are eigenvectors of R^^i). Then \rrii) G V. We prove this for 
the case when v = o^toi) + a 2 \m 2 ). (The case of more number of summands is proved similarly.) 
We have i2j^(Ji)v = icti[mi]|mi) + ia2[m 2 }\m2). Since 

v = ai|rai) + a 2 \m 2 ) G V, v' = iai[mi]|mi) + ia 2 [m 2 ]\m 2 ) G V 

one derives that 

i[mi]v - v' = ia 2 ([^i] - [m2])|m 2 ) G V. 

Since [mi] 7^ [777.2], then |m 2 ) G V and hence \mi) G V. 

In order to prove that V = Hi we obtain from the above formulas for it^(/ 2 )|?77,) and 
i^ (1) (/ 3 )|m) that 

{R^ih) - \q m+1 / 2 R?\h)}\m) = iq^m - 1), 

{i?! 1} (/3) + \q- m+1/2 R?\h)}\m) = iq 1/2 \m + 1). 

Since V contains at least one basis vector \m), it follows from these relations that V contains the 
vectors \m — 1), \m — 2), •••,]—/) and the vectors |m + l), |m + 2), • • • , |Z). This means that V = 7^ 
and the representation is irreducible. 

Let us show that the representations R® are reducible. The eigenvalues of the operator R^^Ii) 

are 

q m + q- m , /J _ 1 , 
— , m = -1,-1 + 1, •••,/, 

that is, every spectral point has multiplicity 2. Namely, the pairs of vectors \m) and | — m) are 
of the same eigenvalue. Let V\ be the subspace of the representation space Hi spanned by the 
vectors 

li> + i|-|>> l|>-i|-|>, li>+i|-|>, li>-i|-|>, ••• , (24) 
and let V 2 be the subspace spanned by the vectors 

l|>-i|-|>, l§>+i|-|>, l§>-i|-|>, + ••• • (25) 



We denote the vectors (24) by 



>)', II)', II)', ID', ••• (26) 



and the vectors (25) by 

12/' 1 2/ > 12/' 12/' 



T, ID", ID", IDV--- (27) 



Then 



y m i _— m „m i „— m 



i? (i)/r^U\/ _ g +g |^\/ p(i)/ r ^U\" _ g + g 

We also have 



WON' = -^rh>' WON" = - g . (/ , 



Im)". 



pW/T - j [! 2] |3\ I : [j + 2] 

^ ^'2/ ~ X g l/2 _ ? -l/2 I 2/ + X g l/2 _ g -l/2 I ~ 2/ + 



, P+j] |lv. [l-j] I 3^ 

"^gl/2 _ ^-1/2 I 2/ "T g l/2 _ q -l/2\ 2/ 



-V + i £ 2J |3y 

>/ ^ _1 /9 1 /9 I 2/ • 



gl/2 _ g-1/2 1 2/ gl/2 _ g-1/2 I 2/ 



We derive similarly that 



and that 



pW/r \\ _ [j + 2] I lw/ , ; [j 2] I 3 w/ 

^ WW - _ g -l/ 2 l2> +1 gl/2 _g-l/ 2 l2> 

i?, (i) (/2)k>' = i [/ ~ m] |m + 1)' + i [/ + m] \m - 1)', m > ±, 

flf>(J 2 )|m)" = i [ ^~ m] [m+l/' + i [ ^ + m] \m-l)", m>\. 

Thus, the subspaces V\ and V 2 are invariant with respect to the operators and i2^(J 2 ). 

This means that they are invariant with respect to the representation R^\ 

It is proved similarly that the subspace V\ of the space Tii of the representation R\~^ spanned 
by the vectors (24) and the subspace V 2 of Tii spanned by the vectors (25) are invariant with 
respect to the operators r\ l \h) and R\ ^(h)- That is, the representation R\ ^ is also reducible. 
Proposition is proved. 

Let -R^ 1 ' + - ) and R^~\ n — I + \ — dimVi = dimV 2 , be the representations of U q {so-$) which 

are restrictions of R^ to the subspaces V\ and V2, respectively. Denoting the vectors (26) of the 
subspace V\ by 

12), |3), |4), |n> = |Z + |>, (28) 

respectively, we have 

fc-1/2 , -fc+1/2 

R^ + \h)\k) = - q q _ q q ^ |*>, 



R ^)\ k ) = \J:: q L^ + 1> + \ k ^ q z!l^ - i>, mi. 

For the operator R^' + \l 3 ) we have 



gl/2 _ g-1/2 I / ? l/2 _ g-1/2 
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Denoting the vectors (27) of the subspace V 2 by the symbols (28), respectively, we obtain 

^fc-l/2 + q - 



fc-l/2 + -fc+1/2 
i4 1 '" ) (A)lfc) = - g 1*>, 

= - gl/2 N g _ 1/2 ii) + i gV [ r_" g _ ] 1/2 i2), 

i?( i -)(/ 2 )|A;)= J R( i ' + )(/ 2 )|A;), fc ^ 1. 
For the operator Rf'^\l 3 ) we find that 



^ ^)l 1 )- g l/2_ g -l/ 2 l 1 )- 1 g l/2_^l/ 2 l 2 )' 

^-)(/ 3 )|A;)= J R( i ' + )(/3)|A;), fc ^ 1. 

Let now i^ -1 '" 1 ") and i?^ -1 ' - ), n = / + |, be the representations of U q (so3) which are restrictions 

of the representation r\ ^ to the subspaces V\ and V 2 , respectively. Introducing the vectors similar 
to the vectors (28), for the representation R^ 1 '^ we have 

fc-l/2 , -fc+l/2 

i2Sr i,+) (A)i*> = 9 — i*>, i2Sr i,+) (^) = 

l^Jll) - 1/2 _ 1/2 |1)+1 i /2 _ i/2 I 2 )' 



^(JOI*) = i ^^l^ lfc + 1) + i ff^-fc+i/j i^ - 1>, Ml- 
For the representation i^ -1 ' - )(J 3 ) we obtain 



fc-l/2 , -fc+1/2 

Rl- i >-\h)\k) = R(- i > + \h)\k). 

Thus, we constructed the representations R^' + \ R„'~\ R^ 1 '^ an d -R^ -1 ' - * 1 of the algebra 
U q (so3). The following theorem characterizes them. 

Theorem 1. The representations R^' + \ Rn'~\ R^ h+ ^ and R^ h ~^ are irreducible and pairwise 
nonequivalent. For any I the representation R^ is not equivalent to any of these representations. 



Proof. The irreducibility is proved exactly in the same way as in Proposition 3. Equivalence 
relations may exist only for irreducible representations of the same dimension. That is, we have 
to show that under fixed n no pair of the representations R%' + \ R%'~\ R^ h+ ^ and R^ 1 '^ is 
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equivalent. It follows from the above formulas that the operators R^' + \li) and R^~\li), as 
well as the operators R^~ h+ \li) and it^ -1 ' - )(ii), have the same set of eigenvalues. Moreover, 
the spectrum of the first pair of operators differs from that of the second pair. Hence, no of 
representations R^ ,+ ^ and -R^ 1 ' - ** is equivalent to R^ 1,+s> or R^ h ~\ The representations R^ ,+s> and 
i?^ 1 ' - ) are not equivalent since the operators i2£' + )(J 2 ) and R^~\l 2 ) have different traces (for 
equivalent representations these operators must have the same trace). For the same reason, the 
representations and it^ -1 ' - -* are not equivalent. The last assertion of the theorem follows 

from the fact that the spectrum of the operator R^\li) differs from the spectra of the operators 
R^~\h), i?i _i ' +) (^i) and Rt-^ih). Theorem is proved. 

Clearly, the reducible representations R$ and R^ decomposes into irreducible components 

as 

i#> = R^ © R^ = Rir' +) © i2Sr i '" ) - (29) 

It can be proved that every irreducible finite dimensional representation ofU q (so3) is equivalent 
to one of the representations R^\ R^ ,+ \ R^'~\ R^ 1 ^, That is, these representations 

exhaust, up to equivalence, all irreducible finite dimensional representations of U q (sos). A proof 
of this statement will be given in a separate paper. 

V. TENSOR PRODUCTS OF REPRESENTATIONS OF U q (so 3 ) 

As mentioned above, no Hopf algebra structure is known for the algebra U g (so 3 ). Therefore, 
we cannot construct tensor product of finite dimensional representations of U q (so 3 ) by using a 
comultiplication as we do in the case of the quantum algebra U q (sl-2). However, we may construct 
some tensor product representations by using the algebra homomorphism of Proposition 2. 

First we determine which tensor products of irreducible representations of ^(s^) can be ex- 
tended to representations of the algebra f/ g (sl 2 ). Verifying for which tensor products T = T' <g> T" 
of irreducible representations of C/ ? (sl 2 ) the operators 

q k T(q H ) + q - k T( q - H ), k G Z, 

are invertible, we conclude that only the tensor products 

t/^t^, t^®t^\ i,v = o,|,i,l,..., 

T^®T^\ T^®TP, 1 = 0,1,2,..., /' = !,§, I,---, 
T/^T/,^, T/^STf 1 ', z = j, §,§,•••, V = 0,1,2,-.., 

rp(±i) x-> rp(±i) rp(±i) ^ rpfrl) 7 7/ 1 3 5 

1 l i 1 l 1 V i <>,<>— 2' 2' 2'"''' 

can be extended to the algebra f/^s^). Taking into account the decompositions of tensor prod- 
ucts of irreducible representations of ?7 g (sl 2 ) (see, for example, the end of Subsection 3.2.1 and 
Proposition 3.22 in [11]) we find that 
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n T (ww,) ffi ■ 




(30) 


if } £ 
T ( ±i ) ( 






T (±u>i) 

y -tj + j'_i ty 

T (±^i) 
y J j+j'-i ty 


• ■ ffi T (±wi) 

w J |i+z'i > 

. ■ ffi T (±wi) 


(31) 
(32) 
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where u, cu' — ±1. 

Now we define tensor products of representations of ?7 g (so 3 ) corresponding to the above tensor 
product representations of C/q(sl 2 ) as 

R® R! = (T <g> T') o ^, 

where R — T o ijj and R' — T' o ip. Taking into account the definitions of tensor products of 
representations of t/^sk?) by means of the comultiplication and the definition of the mapping ip 
we have 

(R®R'){h) = {T®T')o^{h) 

= ^t^t ( T (^) ® T V) - T (<r") ® T '(<r")) • 

Similarly, 

(i? ® #) (J 2 ) = (T{E) ® T'(q H ) + T(q- H ) ® T'(_E) - T(F) ® T'(q H ) — 

— (T(q~ H ) ® T'(F)) (T(q H ) ® T'(q H ) + T(q~ H ) ® TV"))"' . 

Composing both sides of the relations (30)-(33) with the mapping *0 of Proposition 2, we find 
the decomposition into representations of i7 g (so3) for the tensor products 

itf^itf, itf®itf i} , ^©^f, ^ (±i) ®4 ±i) , Rf i} ©4 Ti \ 



where the second and the third tensor products are defined only for I — 0, 1, 2, • • •. (Note that the 

13 5 
2' 2' 2' 



representations -R; ±1 ' ) are defined only for I — |, |, |, • • •.) We have 



i?| © ^ ~ © R\ + ii-i © • • • © R\i-l\, 

R\ © -R;, ~ R\ + ) © Rl + J^l © • • • © 

r\ ^ © -R;, ~ r\+ v © -R|_h'-i © • • ■ © R\il V y 

In these formulas the representations R^ are reducible. Unfortunately, our definition of tensor 
products of representations of ^7 9 (so 3 ) does not allow to determine the tensor products containing 
the irreducible representations R^ h± ^ and i?^ 1 '^. 

VI. INFINITE DIMENSIONAL REPRESENTATIONS OF U q {so 3 ) OBTAINED FROM REPRESENTA- 
TIONS OF U q (s\ 2 ) 

By using the homomorphism ip : f/q(so 3 ) — > U q (sl 2 ) from Proposition 2 and infinite dimensional 
irreducible representations of the algebra t/^shj) we can construct infinite dimensional irreducible 
representations of the algebra 6^(803). 

Let us first describe irreducible infinite dimensional representations of the algebra [/^(sLo). Note 
that by an infinite dimensional representation T of U q (s\2) we mean a homomorphism of t/^shj) 
into the algebra of linear operators (bounded or unbounded) on a Hilbert space, defined on an 
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everywhere dense invariant subspace D, such that the operator T(q H ) can be diagonalized, has 
a discrete spectrum and its eigenvectors belong to D. Infinite dimensional representations T of 
C/ 9 (so 3 ) are described in the same way replacing the operator T(q H ) by T(Ii). 

Two representations T and T' of C/q(sl 2 ) on spaces H and H', respectively, are called (alge- 
braically) equivalent if there exist everywhere dence invariant subspaces V C H and V C H! and 
a one-to-one linear operator A : V — > V such that AT(a)v = T'(a)Av for all a G t/^s^) and 
\ EV . Equivalence of infinite dimensional representations of U q (soz) is defined in the same way. 

Let e be a fixed complex number such that < Ree < 1, and let TC e be a complex Hilbert 
space with the orthonormal basis 

\m), m = n + e, n = 0, ±1, ±2, • • • . (34) 

For every complex number a we construct the representation T ae on the Hilbert space TL e defined 
by 

T ae (q H )\m) = q m \m), T ae {E)\m) = [a - m\\m + 1), T ae {F)\m) = [a + m\\m - 1), 

where [a ± to] is the g-number (see, for example, [12]). The equivalence relations in the set of the 
representations T ae can be extracted from the paper [12]. 

Note that the representation T at is irreducible if and only if a ^ ±e (modZ). 

All the representations T ae can be extended to representations of the algebra U q (s\ 2 ) except for 
the case when e = ±iir/2r, where q = e T . (We suppose below that e ^ ±m/2r.) We denote these 
extended representations by the same symbols T ae . 

The formula R ae = T ae oip associates with every irreducible representation T ae , e ^ ±iir/2r, of 
C/ ? (sl 2 ) a representation of the algebra U q (so 3 ). 

Let e 7^ ±m/2r and e ^ ±.m/2r + \. Then for the representations R ae of ?7 9 (so 3 ) we have 

R ae (h)\m) = i [to] | to), (35a) 
i2ae(/2)|"i) = m {[a-m]|m + 1) - [o + to]|to- 1)}, (356) 

^(/ 3 )|m) = m ^ 1/2 _ m {<?> - to]|to + 1) + g" m [a + m\\m - 1)} . (35c) 
q ~\~ q 

If e = i7r/2r + |, then denoting the basis elements |to), to = n + e, n G Z, by \n + |), n G Z, 
respectively, we obtain 

Rae(h)\k) = -^±^-\k), 

R ^(h)\k) = + 1) + - 1), 

q k — q fe q k — q h 

where a' = a + m/2r and A; = n + |. If e = —m/2T + |, then using the same notations for basis 
elements we obtain 

KAh)\k) = q -^±^\k), 
KM\k) = + 1) - - 1), 

qk _ q k qk _ q k 
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q k — q fc q k — q h 

(to distinquish these representations from the previous ones we supplied R at by prime). 

Proposition 4. The representations R ae of U q {so^) are irreducible for irreducible represen- 
tations T ae , e 7^ ±m/2r + \, of t/<j(sl 2 ). The representations R ae , e = m/2r + \, and R' ae , 
e = —'mjlT + |, are reducible. 

Proof is given in the same way as in the case of Proposition 3. 

As in the case of finite dimensional representations in Section IV, decomposing the represen- 
tations R ae , e = ±i7r/2r + |, we obtain irreducible infinite dimensional representations of U q (so 3 ) 

which will be denoted by and R^, h± \ a' = a + m/2r. In the basis 



\n), n = 1, 2, 3, 



they are given by the formulas 



fc-1/2 , -fc+1/2 

R^\h)\k) = - q q _ q rl |*>, 

R a> (W) ~ T gl/2 _ q _ 1/2 \l) ~ l gl/2 _ |2>, 
"a> (W) - "Y-l/2 _ q -k+l/2\ k + V ~\k-l/2 _ q -k+l/2 \ k ~ /C ^ L 

and by the formulas 

fc-l/2 , -fc+l/2 

^(/l)^) = 9 ^1 |*>, ^^^2) = -4' ±) (/ 2 ), 

I-'SJF/ - 1 fc_i/2 _ ? -fc+l/2l /C + A / +1 ? fc-l/2 _ ^-fc+1/2 I* ^ ' 

Theorem 2. T/ie representations R^^ R^ h± ^ are irreducible and pairwise nonequivalent. 
For any a the irreducible representation R ae is not equivalent to some of these representations. 

Proof is given in the same way as in the finite dimensional case (see the proof of Theorem 1). 

The algebra U q (s\2) has also irreducible infinite dimensional representations with highest weights 
or with lowest weights. They are classified in the paper [12]. All of these representations T can 
be extended to the algebra C/ 9 (sl 2 ). Using the composition R = T oip we obtain the corresponding 
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representations R of U q {soz)- As above, it can be easily proved that to nonequivalent repre- 
sentations T of U q {s\2) with highest or lowest weight there correspond nonequivalent irreducible 
representations of U q {so^). We give a list of these representations. 

Let / = |, 1, §,2, • • •. We denote by the representation of C/ g (so 3 ) acting on the Hilbert 
space Hi with the orthonormal basis \m), to — I, I + 1, 1 + 2, • • •, and given by formulas (35) with 
a = —I. By we denote the representation of U q (so3) acting on the Hilbert space Tii with the 
orthonormal basis |to), to = —I, — I — 1, — I — 2, • • •, and given by formulas (35) with a — I. 

Now let a ^ (mod Z) and a ^ \ (mod Z). We denote by H a the Hilbert space with 
the orthonormal basis |to), to = —a, — a + 1, — a + 2, • • •. On this space the representation i2+ 
acts which is given by formulas (35). On the Hilbert space H a with the orthonormal basis \m), 
m — a, a — 1, a — 2, • • •, the representation R~ acts which is given by formulas (35). 

Proposition 5. The above representations Rf and R^ are irreducible and pairwise nonequiv- 
alent. 

Proof of this proposition is contained in [13]. 

VII. OTHER INFINITE DIMENSIONAL REPRESENTATIONS OF U q (so 3 ) 

The algebra U q (so 3 ) has also irreducible infinite dimensional representations which cannot be 
obtained from representations of C/ 9 (sl 2 ). We describe these representations in this section. 

Let H be the infinite dimensional vector space with the basis \m), m — 0, ±1, ±2, • • •, and let 
A = q T be a nonzero complex number such that < Rer < 1. Then a direct calculation shows 
that the operators Q^ih) and Qx(h) given by the formulas 

\q m + \~ l q~ m 
Ql(h)\m) = q _ q -i l m /' 

Qt(h)\m) = ^ \m+l) + l —r \m - 1) 

q — q q — g 

satisfy the relations (7) and (8) and hence determine a representation of U q (so3) which will be 
denoted by Q%. Similarly, the operators Q^(Ii) and Qx{h) given on the space TL by 

\ m _|_ \ — 1 — m 

Qx(h)\m) = - q q _ q J \m), Q- X {I 2 ) := Q+(/ 2 ) 

determine a representation of C/ g (so3) which is denoted by Q x . The operators Q x (h) can be 
calculated by means of formula (4). 

Proposition 6. //A ^ 1 and A ^ q l l 2 , then the representations Q x and Q x are irreducible. 
The representations Qf and are reducible. 

Proof. The first part is proved in the same way as that of Proposition 3. Let us prove the 
second part. The representations Qf and are the only representations in the set {Qf} for 
which the operator Q^(Ii) has not a simple spectrum. The operators Qf(h) has the spectrum 

q~ 2 + q\ q~ l + q, 2, q + q~\ q 2 + q~\ 

Thus, only the spectral point 2 has multiplicity I. All other points have multiplicity 2. Let V\ 
and V 2 be the vector subspaces of H with the bases 

|0), | to)' = | to) — I — to), to = 1, 2, • • • , 
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and 

\m)" = \m) + | — to), to = 1, 2, 



respectively. These basis vectors are eigenvectors of the operator Qf(Ii): 

Qf(h)\my = ± q q _ q q ^ W, Qt(h)\m)" = \™)\ 

and 

Qiim) = |1>', Qt (W)" = 12)", 

Qf(I 2 )\m)' = — r \m + l)' + l -—\m-l)\ to > 0, 

q — g~ x q — q~ l 

Qt(I 2 )\m)" = |to + 1)" + - J— |to - 1)", to > 1. 

q — q' 1 q — q^ 1 

Thus, the subspaces V\ and V 2 are invariant with respect to the representation Q\ (and the 
representation Qi). We denote the subrepresentations of Qf realized on V\ and V 2 by Q\ ,i: and 
<5i' , respectively. 

The eigenvalues of the operators Q^(Ii) are 



q'^ + q^ 2 , q- l/2 + q l '\ q 1/2 + q~ 1/2 , q 3/2 + q~ 3/2 , 

Thus, every spectral point has multiplicity 2. We denote by W\ and W 2 the vector subspaces of 
TC spanned by the basis vectors 

|1/2)' = |0>-|-1>, |3/2>'=|l>-|-2>,...,|m + i>' = |m>-|-m-l>,... 

and 

1 1/2)" = |0) + | - 1), |3/2)" = |1) + | - 2), • • • , |m+ §)" = \m) + \ - to - 1), • • • , 
respectively. These basis vectors are eigenvectors of the operator Q^(Ii): 



m+l/2 , -m-1/2 

Qjs^Olm + I)' = ± 9 q _ q q _, \m + I)', 



m+l/2 , -m-1/2 

^(A)|m + \)" = ± q + \m + \ 



and 



Q%h)W = — x — + l|)', 

g^(/ 2 )|m + I)' = - J-^ |to + I)' + — L-j |to - i)', m > 0, 
+ §>" = -TT^T I- + §)" + -T^rr I- " - > 0. 
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Thus, the subspaces W\ and W2 are invariant with respect to the representations Q^- We denote 

the subrepresentations of realized on W\ and W 2 by Q 1 ^ and Q 2 ^, respectively. Proposition 
is proved. 

Theorem 3. The representations Q{ , Q{ , an d Q^/q are irreducible and pairwise 

nonequivalent. For any admissible value of A the representation ( as well as the representation 
Q^) is not equivalent to some of these representations . 

Proof. Proof is similar to that of Theorem 1 if to take into account spectra of the opera- 
tors Qi'^ii), Qi ,d= (/i), Q^(h), Q 2 jl(h), Qx(h) and traces of the operators g}' ± (/ 2 ), g?' ± (/ 2 ), 

It will be proved in a separate paper that every irreducible infinite dimensional representation 
of U q {so 3 ) is equivalent to one of the representations described in this and previous sections. 

VIII. FINITE DIMENSIONAL REPRESENTATIONS OF U q {s\ 2 ): q IS A ROOT OF UNITY 

Everywhere below q is a root of unity, that is, there is a smallest positive integer p such that 
q p = 1. We suppose that p 7^ 1, 2. We introduce the number p' setting p' = p if p is odd and 
p' = p/2 if p is even. 

As in the case of the algebra Uqfah) (see [11], Chapter 3), if q is a root of unity, then f/ g (so 3 ) 
is a finite dimensional vector space over the center of 6^(803). If q is a primitive root of unity, 
then this assertion is stated in [5]. If q is any root of unity, then this assertion may be proved in 
the following way. If q p — 1, then the center C of f/ g (so 3 ) contains the elements 

P p = I] + alf 2 + blf 4 + ■■■ + dij, j = 1, 2, 3, 

where r = if p is even and r = 1 if p is odd and a,b,---,d are certain fixed complex numbers 
expressed in terms of q. (They are the polynomials P defined in [5] if q is a primitive root of unity. 
Unfortunately, we could not find the explicit expressions for the coefficients a,b, - ■ ■ ,d. But note 
that P 3 = If + Ij, P 4 = If + I- and P 5 = I- +(l + (q + + (q + g" 1 )" 1 ^-) Therefore, Jj\ 

s > n, can be reduced to the linear combination of Jj, i < n, with coefficients from the center C. 
Now our assertion follows from this and from Poincare-Birkhoff-Witt theorem for U q (so 3 ). 

Theorem 4. If q is a root of unity, then any irreducible representation of Uq^sos) is finite 
dimensional. 

Proof. Let T be an irreducible representation of U q (so 3 ). Then T maps central elements into 
scalar operators. Since the linear space U q (so 3 ) is finite dimensional over the center C with the 
basis if 1™!%, k,m,n < p, then for any a G U q (so 3 ) we have T(a) = ^l kmn<p T{I , lI^ l I^). Hence, 
if v is a nonzero vector of the representation space V, then T(?7 g (so3))v = V and V is finite 
dimensional. Theorem is proved. 

Taking into account Theorem 4, below we consider only finite dimensional representations of 
U q (so 3 ). 

In order to find irreducible representations of 6^(803) for q a root of unity, we use the same 
method as before, that is, we apply the homomorphism ip from Proposition 2 and irreducible 
representations of the algebra ^(s^) for q a root of unity. 

Let us find irreducible representations of Uq^sh) for q a root of unity. The quantum algebra 
U q (s\2) for q a root of unity has the following irreducible representations (see [11], Subsection 
3.3.2): 
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(a) The representations T, ( 1} , , t/ i} , 21 < p', given by the formulas (15)-(19). 

(b) The representations T abX , a, b, A G C, A 7^ 0, acting on a p'-dimensional vector space 7i 
with the basis j — 0, 1, 2, • • • ,p' — 1, and given by the formulas 

T a6 A(g H )K) = g^AK), T a6A (F)|p'-l) = &|0), (36) 

WW) = |i + 1), i < p' ~ 1, T a6A (^)|0> = a|p' - 1), (37) 

Tab\(E)\i) = [ab+[i] Aq V I l< " 1), < > 0. (38) 

The representations T abX with (a, 6) = (0, 0) and A = ±q n , n — 0, 1, 2, • • • ,p f — 2, are reducible and 
must be taken out from this set. 

(c) The representations Tq 5A , 5, A G C, A 7^ 0, acting on a p'-dimensional vector space H with 



the basis \j), j — 0, 1, 2, • • • ,p' — 1, and given by the formulas 

^06a(9 H )|*) = ^A- 1 !.), T> bX {E)\p> - 1) = 6|0>, (39) 
7^ A (£)|i) = + i<p - 1, T 06A (F)|0) = 0, (40) 



The representations Tq 0A with A = ±q n , n — 0, 1, 2, • • • ,p' — 2, are reducible and must be taken 
out from this set. 

Remark 1. In the set of representations (a)-(c) there exist equivalent representations (see, for 
example, Propositions 3.17 and 3.18 in [11]). 

Remark 2. In [11], Subsection 3.3.2, irreducible representations of the algebra generated by the 
elements E,F,K := q 2H \K~ X := q~ 2H G [/^(sLj) are given. Clearly, this algebra is a subalgebra 
in U q ($\.2). It is easy to generalize the results of Subsection 3.3.2 in [11] for [/^(shj). Let us note 
that the algebra U q {s\2) has a unique automorphism p such that (p(q H ) = iq 11 , <p(E) = —E and 
<p(F) = F. (If q is not a root of unity, then this automorphism transforms the representations 
t/ 1 - 1 to the representations respectively.) Therefore, the mapping T- a ,b,x = T abX o tp is also a 
representation of Uqfah). We have 

T a b\{q H ) \i) = ig" l A|2), f abX (F)\p' - 1) = 6|0>, (42) 

f abX (F)\i) = \i + l),i<pf- 1, T abX (E)\0) = a\p' - 1), (43) 

f abX (E)\i) = lab - [<] q _ q - 1 j \i ~ 1>, < > 0. (44) 

However, it is easy to see by comparing (36)-(38) with (42)-(44) that the representation T a6A is 
equivalent to T a b ^ x . This means that for q a root of unity we do not obtain new representations 
of C/ g (sl 2 ) from T abX applying the automorphism ip as in the case of the representations t/ 1 '. 

We have described irreducible representations of the algebra f/^s^). Now we wish to extend 
these representations to obtain representations of the algebra t/^shj) by using the relation 

T((q k q H + q- k q- H Y l ) := (q k T(q H ) + q~ k T{q~ H ))-\ 
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Clearly, only those irreducible representations T of [/^(s^) can be extended to U q (sl2) for which the 
operators q k T(q H ) + q~ k T(q~ H ) are invertible. From formulas (15)— (19) it is clear that these op- 
erators are always invertible for the irreducible representations t/ *\ I — 0, |, 1, |, • • • , 2 y^, 
and for the irreducible representations t/ 1 ^, t/ -1 \ I = |, |, |, • • • , 2 -j^ (or 2 -j^). (F° r ^ ne represen- 
tations T/ , T/ _i) , Z = 0,1,2, • • •, some of these operators are not invertible since they have zero 
eigenvalue.) We denote the extended representations by the same symbols T^ l \ t/ l \ t/ *\ 
respectively. 

Similarly, the representation T a t,\ (and the representation Tq 6A ) can be extended to a represen- 
tation of the algebra C/ 9 (sl 2 ) if and only if A ^ ±iq k , k G Z. 

Proposition 7. TTie algebra C/ g (sl 2 ) /or g a root o/ unity /ias £/ie irreducible representations 
Tf x \ I = 0, |, 1, |, • • • , the irreducible representations T^~ l \ I = |, |, |, • • • 
(or 2 -^j, and £/ie irreducible representations T a b\, T^ bX , A 7^ ±ig fc 7 k E Z. Any irreducible 
representation ofUqish) for q a root of unity is equivalent to one of these representations. 

IX. REPRESENTATIONS OF U q (so z ) FOR q A ROOT OF UNITY OBTAINED FROM THOSE OF 

U q (sh) 

As in Section IV, we shall obtain representations of U q (so3) for q a root of unity by applying 
the homomorphism ip from Proposition 2. Namely, if T is a representation of C/ 9 (sl 2 ), then 

R = To%l) (45) 

is a representation of U q {so^). As in Section IV, application of this method to the pair of the 
irreducible representations and t/ ^ of [/^(s^) leads to the same representation of U q (soz) 
which will be denoted by R^\ Applying the formula (45) to the irreducible representations 
and T^ [) of U q (sl 2 ) give the representations of U q (so 3 ) which will be denoted by and r\ l \ 
respectively. 

Proposition 8. The representations ofU q (so 3 ) are irreducible. The representations R® 
and R\ ^ are reducible. 

Proof of this proposition is the same as that of Proposition 3. 

Repeating word-by-word the reasoning of Section IV, we decompose the representations R® 
and -R; -1 "* into the direct sums of representations of U q (so 3 ) which are denoted by R^ 1 ^ and 
R^-h 

if = R^ i#">, Bl- l) = <B n = l + \. 

Moreover, the representations R^ 1,+ ^ and R^ l ~^ are given in the appropriate bases |1), |2), • • •, 
|n) by the corresponding formulas of Section IV. 

Theorem 5. The representations R^ + \ R£~\ Rt u+) , Rf 1 ^ , n = 1, 2, 3, • • • , £ (or *t=±) 
are irreducible and pairwise nonequivalent. For any I, I = 0, |, 1, |, • • • , E -^, the representation 
R^ is not equivalent to some of these representations. 

Proof is the same as that of Theorem 1. 
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Now we apply formula (45) to the representations T ab \ and T$ bX . As a result, we obtain the 
representations 

Rab\ = T_ a:b _ iX o tp, R obX = T ob _ iX 
given in the bases \j), j — 0, 1, 2, • • • ,p' — 1, by the formulas 



R ab x(h)\i) = ^=i(?"^ + ^A" 1 )^), (46) 
iW' 2 )|0> = (a\p> - 1) + |1» , (47) 

RMhW - 1) = q - P ^ x l qp/ - lx - 1 {m+ 

i f/ „-i+l \2 _ i-l\-2\ 



and by the formulas 



(48) 



(49) 



Q — q A — A 

— i / rt-P' +2 \ 2 — rtP'- 2 \- 2 \ 

- v = r , +lx :^-, A - (m» + fe-' - ^ g _7, — if' - 2 >) • 
«««i>> - [\i + 1) + H t _7, i' - d) . 

< i < p' - I. 

The operators R ab x{h) and R' 0bX (I 3 ) can be calculated by means of the relation 

R(h) = q^R{I x )R{I 2 ) - q^ 2 R{I 2 )R{h). 

Recall that the representations R a bx and R' obX are determined for A ^ and A ^ ±g fe , fceZ. 
It is seen from the above formulas that 

R'obx(h) = Ro,b,-x(h), R'obx(h) = Ro,b,-x(h), 

that is, the representations Ro tb ,-x and R' obX are equivalent. For this reason, we consider below 
only the representations R a bx- 

In order to study the representations R a bx of U q {so^) we consider the spectrum of the operator 
Rabx(h)- It coincides with the set of points 

A + A- 1 q^X + qX- 1 q- 2 X + q 2 X- 1 q 1 '?' X + qP'^X' 1 . , 

(50) 



q — q 1 q — q 1 q — q 1 q — g 1 
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It is easy to see that there exist coinciding points in this set if and only if A is equal to one of the 
numbers 

±q l '\ ±q 3 / 2 , ±q 5 ^ 2 , ■■■ ,±q^'-^ 2 (or ±q^'-^ 2 ). 

(Here we have to take ±g(p' -1 )/ 2 if p' is even and ±q(p'- 2 )/ 2 if p' is odd.) Moreover, the set (50) 
splits into pairs of coinciding points if and only if A = ±q( p '~ 1 ^ 2 . In all other cases there exists at 
least one spectral point which coincides with no other point. In particular, if A = ±q( p '~ 2 ^ 2 , then 
in this set there exists only one eigenvalue with multiplicity 1. In all other cases there are more 
than one eigenvalues with multiplicity 1. 

Proposition 9. If X ^ ±q^'- l )l 2 for even p' and X ^ ±g^ p ' 2 ^ 2 for odd p' , then the represen- 
tation R a b\ is irreducible. 

Proof. Let A ^ ±q(p'~ 1 )/ 2 for even p' and A ^ ±q( p ' 2 ^ 2 for odd p'. We distinguish two cases: 
when the spectrum of the operator R a bx(Ii) is simple and when there exists at list one spectral 
point of this operator having multiplicity 2. In the first case the proof is the same as the first part 
of the proof of Proposition 3. For the second case, we give a proof only for A = q 1 ^ 2 . (Proofs for 
other values of q are similar.) Then in the set (50) there are only two coinciding points 

and — q corresponding to the eigenvectors |0) and |1). Let V be an invariant subspace 

of the representation space 7i. As in the proof of Proposition 3, it is shown that V is a linear 
span of eigenvectors of the operator R a i>\(Ii), that is, a certain part of the vectors \i), % ^ 0, 1, 
a |0) + cki j 1) , A)|0) + constitutes a basis of V. Let V contain some basis vector Then as 
in the proof of Proposition 3, acting successively upon \j) by certain linear combinations of the 
operators R a b\{h) and R a b\{h) we generate all the vectors % — 0, 1, • • • , \{p' — 1). This means 
that V = Tt and the representation R a b\ is irreducible. If V contains no vector j ^ 0, 1, then 
some linear combination ao|0) + Oi\\l) belongs to V. Then the vector v = -R a feA(-^2)(tto|0) + ai|l)) 
belongs to V. Since v contains the summand a\2) with nonzero coefficient a, then |2) e V. This 
is a contradiction. Hence, the representation R abX is irreducible. Proposition is proved. 

Let p' be even. Let us study the representations R a b\ f° r A = ±q < - p '~ 1 ^ 2 . For A = g( p ' -1 )/ 2 we 
have 

RabxihM = -^-i^ t+iP '' 1)/2 + <T (P '- 1)/2 ) (51) 

iW/ 2 )|0) = <V_i )/2 (a\p' - 1) + |1)) , (52) 

iW W - 1) = -c ( p'-i)/2 ((ab + [p' - 1] 2 )\ P ' - 2) + 6|0)) , (53) 

Rab\(h)\i) = c_ i+(p /_i)/ 2 ((ab + [i] 2 )\i -l) + \i + 1)) , (54) 

where 




The operator R a ,b,{p'-i)/2(h) has the spectrum 

_Z?_ iq -i + (p'-W + i-^-D/2) , = o, 1, 2, • • • - 1, 
q-q- 1 

that is, if p' is even, then all spectral points are of multiplicity 2. 
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We assume that ab ^ — [j] 2 , j — 0, 1, • • • ,p' — 1, and go over from the basis {\i}} to the basis 
where 

i*> o = ri(^+bfr 1/2 i*>, i = o,i,2,...,j/-i. 

j=0 

Then the formula (51) does not change and the formulas (52)-(54) turn into 

Ra b x(h)\0) = C{pl _ 1)/2 [a U(ab+ [7l 2 ) 1/2 |p' - 1)° + {ab + 1) 1/2 |1>°) , 



iW W - 1)° = -<v_ 1)/2 f (oft + l) 1/2 b' - 2)° + — ^ 

V 11 7 =1 ( 



■|o>° , 



W(^ + b1 2 ) 1/2 . 

^a(/ 2 )K)° = c_ w _ 1)/2 ((oft + [*] 2 ) 1/2 |* - 1)° + (ab + [i + 1] 2 ) 1/2 K + 1)°) . 

We split the representation space TC into the direct sum of two linear subspaces Hi and 7Y 2 spanned 
by the basis vectors j = 0, 1, 2, • • • , \(p' - 2), and \j)", j = 0, 1, 2, • • • , \(p' - 2), where 

by = |j>° + i(-i)- j - 1+p ' /2 b' - j - = + i(-i)-^' /2 b' - j - 1)°. 

Then as in Section IV, we derive 

iW-D/2(/i)|;>' = ^pi^' +(P '" )/2 + ^'- (p '- 1)/2 ) U>', 
W-D/ 2 (/i)|j>" = ^pr(^ +(P '" )/2 + ^'~ (P '" )/2 ) IJ>" 

for the operator R a ,b,(p'-i)/2(h) and 

iW-i)/2( W = c_ w _ 1)/2 ((aft + [7 + l] 2 ) 1 / 2 |j + 1)' + (a* + b'] 2 ) 1/2 |j - 1)') , 

R aW -i)/2{h)\j)" = c- j+{p >- m ((ab + [j + 1] 2 ) 1/2 |J + 1)" + (ab + m i/2 \j - 1)") , 
where j ^ 0, ^ — 1, 

; 1 

^a,6,(p'-l)/2(-^2)||- - 1)' 

H ' — H ■ 

(^+^-l] 2 ) 1/2 |$-2)', 



gl/2. 


_g-l/2V 








_ g -l/2 ( 




1 


q 1 / 2 


- g-V2 


+ ^7^ 


1 f 



W-l)/2(/2)|^ " 1)" = - , 1/2 _ g _ 1/2 (^+[^] 2 ) 1/2 |^ " 1)" + 

r/ .^(^+[ P 2-l] 2 ) 1/2 ||-2)", 

W-i)/ 2 (/2)|0>' = cv_ 1)/2 fa U(ab+ [j'] 2 ) 1 / 2 |p' - 1)° + (ab+ lfliy 

\ j=i j 
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-i(-l)^- 2 )/ 2 cv_ 1)/2 Lb + 1)V>' - 2>° + 

V llj = l 



\ab+[j\ 2 ) l/2 



|o) c 



When 

« IlV + bf) V2 = =?=r ( ,^ [W/2 , (55) 



then the last relation reduces to 

(_1)(p'-2)/2 P'-1 

R a ,b,( P '-i)/2(h)\0y = {p ,_ 1)/2 _ (p ,_ 1)/2 a I] (ab+ [j] 2 

H H j=l 

+c (p ,- 1)/2 (ab+l) 1/2 \iy. 

Similarly, if the condition (55) is fulfilled, then 



.1)p72 ''' ! 

.'-1V2 ° 

3=1 



R aMP '-m(h)\o)" = ^-d) 2 I'-y-D/a Q II bf) 1/2 |o>"+ 



+C(^i)/ 2 (afe+l) 1/2 |l)". 

Thus, the subspaces 7Yi and 7i 2 are invariant with respect to the representation R a ,b,(p'-i)/2 if the 
condition (55) is fulfilled. We denote the corresponding subrepresentations by R 1 a t( p >-i)/2 an< ^ 
R aMp'-i)/2> respectively 

Similarly, if A = -^p'" 1 )/ 2 , then 

Ra,b,-(p'-l)/2{h) = —R a ,b,(p'-l)/2(h), R a ,b ,-(p'-l)/2(h) = ~ Ra,b,{p'-l)/2{h) 

and the subspaces Tii and 7i 2 are invariant with respect to the representation R a ,b,- ( P '-i)/2 if the 
condition (55) is fulfilled. We denote the corresponding subrepresentations by Rab-(p'-i)/2 anc ^ 
i? aA-(p'-i)/2. respectively. 

Proposition 10. Let the condition (55) is satisfied. Then the representations R^t ( P '-i)/2 
and Ra~ b ~_( p i _i)/2> * = 1 5 2, of the algebra U q (so3) are irreducible and pairwise nonequivalent. If the 
condition (55) is not satisfied, then the representations R a ,b,(p' -i)/2 and R at b,-( P >-i)/2 (ire irreducible. 

Proof is similar to that of the previous propositions and we omit it. 

Remark that the representations R % aX(j>'-i)/2 anc ^ R % a 7 -(p'-i)/2> * = 1>2, have two nonzero 
diagonal matrix elements (|- — — 1) and (0|i?|0). 

Let now p' be odd and A = g(p'~ 2 )/ 2 . For this value of A we have 

Rabx(h)\i) = ^rr(<T i+(p " 2)/2 + r ip '~ 2)/2 ) 

Rabx(l2)\0) = tV_ 2 )/2 («b' " 1) + |1)) , 

iW W - 1) = -ty /2 ((a6 + e[p' - l][z/])|p' - 2) + 6|0)) , 
i2a&A(-?2)|i) = c_i+(p/_ 2 )/ 2 ((a& + e[i][i + + + 1)) , 
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where e = 1 for p' — p/2, e = — 1 for p' = p and Cj is such as in (51)-(54). The operator 
R a ,b,(p'-2)/2(h) has the spectrum 



L_( 5 -i+( P '-2)/2 + q i-( P '-2)/2^ i = 0, 1, 2, • • • ,y - 1, 



9-9 

that is, all spectral points are of multiplicity 2 except for the point — (q v ' I 2 + q~ p '^ 2 )/(q — 9 _1 ) 
which is of multiplicity 1. 

We assume that ab ^ — e[j][j + 1], j — 0, 1, • • • ,p' — 1, and go over from the basis {\i)} to the 
basis {|«)°}, where 

= f[(ab + e[j][j + l])- 1/2 \i), i = 0, 1, 2, • • • ,p' - 1. 

Then 

i? ab A(/ 2 )|0)° = <v_ 2)/2 (a II(a& + + 1]) 1/2 b' - 1)° + (ab + c[2])V2|i>o^ , 
iWW - 1)° = -c pl/2 ((ab + e[p> - IM) 1/2 W - 2)°+ 

+b P f[(ab + e\j}\j + l})- 1 / 2 \0y), 

3=1 

RabxihW = c_ i+(p ,_ 2)/2 ((a& + e[i\[i + l]) 1/2 \i - 1)°+ 

+ (ab + e[i + l]li + 2]) 1 / 2 \i + l) ), 

where A = g( p ' -2 )/ 2 . Let Hi and 7i 2 be two linear subspaces of the representation space H spanned 
by the basis vectors 

\j)> = + i(-iy \p' - j - 2)°, j = 0, 1, 2, • • • , 
and the basis vectors 

= + i(-l) J+1 b' - J - 2)°, 3 = 0, 1, 2, • • • , 

respectively. Then the operator R a ,b,(p'-2)/2(h) acts on the basis elements \j)' and as on the 
vectors \j) and 

Ra, b ,(p'-l)/2(h)\j)' = C- j+ipl -2)/2 ((ab + e[j + + 2]) 1 /2| J + i)' 

+ (ab + e[j][j + l]) 1 ^ - 1}') , 

RaMP'-mi^lj)" = c- j+V -2),2 ((ab + e\j + + 2}f/ 2 \ 3 + 1)" 

Hab + em + l]) 1 ^-!)"), 
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where j^O,^, 



C_i \(p'~ 3 )/ 2 



r_i ^(p'-3)/2 

iw-2)/ 2 (/2)i*£r = - : V2 _ fl -i /2 (<* + ^ [ £ ^]) 1/2 i £ ^> // + 



If 



q l/2 _ g -l/2 V" ' L 2 JL 2 

iW-2)/2(/ 2 )|0>' = C(p'-2)/2 fa n\a6 + eblb' + 1]) 1/2 W ~ 1>° + (a& + ^[2]) 1/2 |1>° 

\ j=l 

-i(ab + e[2])V>' - 1)° - i(afc + e[p' - 2][p' - l]) 1 / 2 |p' - 3)°) , 

iW-2)/ 2 (/ 2 )|0>" = c (p ,_ 2)/2 fa P f[(ab + eblb' + 1]) 1/2 W - 1>° + (a6 + e[2]) 1/2 |l>° 

V j=i 

+i(ab + e[2}f' 2 \p' - 1>° + \{ab + e[p' - 2][p' - I]) 1 ' 2 \p' - 3)°^ . 
p'-i 

a [] (a& + + !]) V2 + + e[2]) 1/2 = 0, (56) 
j'=i 

(afc + e[2])V2 p jj (a6 + e[j]b + lD i/ 2 = (5?) 
j'=i 

W-WW - 1) = ^(06+^ + 1])^ |0) ' 
W-2)/ 2 (/2)|0>' = ^g^P^ |1>' + C|J/- 1)', 

d , n , nV , i(a& + 6[2])V 2 

«aA(p'-2)/ 2 (^ 2 J|U) - (p/-2)/2 _ g -( P '-2)/2 I 1 / ' 

where c is a nonzero coefficient easily determined from the above formulas. Hence, the subspaces 
Tii + C\p' — 1) and of the representation space are invariant with respect to the representa- 
tion R a ,b,(p'-2)/2 (we denote these subrepresentations by Rlb( P '~2)/2 ano ^ R^b{p'-2)/2i respectively). 
Remark that 

dim + C\p' - 1) = + 1), dim H 2 = \{p' - 1). 

If 

an {oh + e[j] [j + l]) 1 ' 2 - i(ab + e[2]) x / 2 = 0, (58) 
j'=i 



then 
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p 



(ab + e[2]y/ 2 H(ab + e[j][j + l]y/ 2 = -ib, (59) 
j'=i 

then 

R-w-wMW - D - n^^ + W + i]) 1 / 2 10) "' 

^«A(p'-2)/2(J2j|U) - (p,_ 2)/2 _ (p'_ 2 )/2 I 1 / ' 

j? fMlnV i(a& + e[2]) 1/2 m „ , ■ , n 

Ra,b,ip'-2)/2{hm = q(p >- 2 )/2 _ g-v-zyi I 1 ) + c b" 1 ). 

where c is a nonzero coefficient. Hence, now the subspaces 7i\ and T^ + Cjp' — 1) of the representa- 
tion space are invariant. We denote the subrepresentations on these subspaces by R 1 ab ( p /_ 2 )/2 anc ^ 
R-a b (p'-2)/2> respectively). Note that the representation R l a b (p/_ 2 )/2 is n °t equivalent to R\ b ( p /_ 2 )/2 
(and the representation R 2 b ( p /_ 2 )/2 is n °t equivalent to R^b ( P '~2)/2) since the parameters a and 6 
determining these representations satisfy different equations. 

If a and b do not satisfy the relations (56) and (57) or the relations (58) and (59), then the 
representation R a ,b,(p'-2)/2 is irreducible. 

Let now p' be odd and A = — q^ p ~ 2 )/ 2 . In this case, the representation R a ,b,-( P >-2)/2 is irreducible 
if a and b do not satisfy the relations (56) and (57) or the relations (58) and (59). If a and b satisfy 
the relations (56) and (57), then R a ,b,-(p' -2)/2 is a reducible representation and decomposes into 
the direct sum of two subrepresentations acting on the subspaces Tii + C\p' — 1) and 7i 2 . These 
subrepresentations are denoted by R} a b _^ p ,_ 2 y 2 an d R 2 b _^ p ,_ 2 y 2 , respectively, and are determined 
as 

R\,b-(p'-2)/2{h) = —R l a ,b,(j>'-2)/2{h), R l a,b,-(p'-2)/2(I?) = ~ Rlifi^p' -2) /2^2) , 1 — 1,2. 

Similarly, if a and b satisfy the relations (58) and (59), then R a ,b,-(p' -2)/2 is a reducible repre- 
sentation and decomposes into the direct sum of two subrepresentations acting on the subspaces 
Hi and 7i 2 + C\p' — 1). These subrepresentations are denoted by R\ b _ (j) ,_ 2 y 2 and R 2 b _^ p ,_ 2 y 2 , 
respectively, and are determined as 

R l a,b,-(p'-2)/2{h) = —R l a ,b,( V '-2)/2{h), R % afi~{ P ' -2)/2{h) = —R l a ,b,{p'-2)/2{h), 1 — 1,2. 

Proposition 11. Let the conditions (56) and (57) are satisfied. Then the representations 
Rl a,b,(p'-2)/2> Rl,b,(p'-2)/2> R l,b ,-{p'-2)/2 and R l,b,-(p' -2) /2 are irreducible andpairwise noneqmvalent. 
If the conditions (58) and (59) are satisfied, then the representations R-a,b,(p'-2)/2> R-a,b,(p'-2)/2> 
Ra,b-( P '-2)/2 an d R-a,b-(p'-2)/2 are irreducible andpairwise nonequivalent. 

Proof is similar to that of the previous propositions and we omit it. 



X. OTHER REPRESENTATIONS OF U q (so 3 ) FOR q A ROOT OF UNITY 

In the previous section we described irreducible representations of U q (so3) obtained from irre- 
ducible representations of the algebra ?7 ? (sl 2 ) for q a root of unity. However, at q a root of unity 
the algebra U q (sc>3) has irreducible representations which cannot be derived from those of f/q(sl 2 ). 
They are obtained as irreducible components of the representations Q\ from Section VII when 
one put q equal to a root of unity. We describe these representations of {7 ? (so 3 ) in this section. 
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Let A = g T be a nonzero complex number such that < Rer < 1 and let Ti be the p'- 
dimensional complex vector space with basis 

\m), m — 0, 1, 2, • • • ,p' — 1. 

We define on this space the operators Q'\(h) and Q'x(h) determined by the formulas 

Q' A (J.)H = g -t^-» w , 

%(«|0) = ^z I !i> + ^ i Ip'-i), 
Qa(W - i) = — ^ Ip' - 2) + |o>, 

g — g 1 q — g 1 

g' A (/ 2 )|m) = !_| m -l) + !_| m + i) m ^0,p'-l. 

g — g g — g 1 

A direct computation shows that these operators satisfy the relations (7) and (8) and hence 
determine a representation of U q (so 3 ) which will be denoted by Q' x . 

Theorem 6. If X ^ 1 and A ^ g 1//2 7 £/ien £/ie representation Q' x is irreducible. 

Proof of this proposition is the same as that of the first part of Proposition 3. 

The representations Q\ and Q'rq are studied in the same way as the representations Q\ and Q ^ 
in Section VII. This study leads to the irreducible representations of {7 9 (sc>3) which are described 
below. (Note that the description of these representations for p' even and for p' odd is deferent.) 

Let p' be odd. We denote by H r and H s , r = + 1), s = \{p' — 1), the complex vector 
spaces with the bases 

|0>, |1>, |2), ••• , 

and 

|1), |2), ••• , H(p'-1)>, 
respectively. Four representations Q^ f± act on the space 7i r and are given by the formulas 

Ql' ± (I 1 )\m) = q ^\ \m), m = 0, 1,2, •• -,§(?/- 1), (60) 



g - g 

Q^WIK?/ " 1)) = ±^zr " 1)) + - 3)), (61) 



Q+' ± (/ 2 )|m) = ?_| m +i) + | m _i) m <I(p'_i) (62) 

g — g~ x g — g _i 2 

and by the formulas 

gr ± (/i)l^) = - ^_J_ 1 m = 0,l,2,---,i(p'-l), (63) 

Qr !± a 2 ) := g^(/ 2 ). (64) 

Note that the upper sign corresponds to the representations Qi' + and Qi' + and the lower sign to 
the representations Qi'~ and Qi'~. 
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On the space H s , four representations Qf ,i: act by the corresponding formulas (60)-(64), but 
now m runs over the values 1, 2, 3, • • • , \{p' — 1). 

Let now H! r and H' s , r = + 1), s = \{p' — 1), be the complex vector spaces with the bases 

|m+i), m = 0,l,2,---,±(p'-l), 

and 

\m+\), m = 0,l,2,---,|(p'-3), 
respectively. The four representations act on the space Ti' r and are given by the formulas 

7 m+l/2 _|_ -m-l/2 

9-9 



g^ t (/ 1 )|m + i) = ^ • +\ : |m + |), m = 0, 1,2, •• •,§&/-!), (65) 



^ ± ^)li> = ± ^^li> + ^=rl§>» ( 66 ) 

^ ± a 2 )l^+|) = ^^l^+|) + ^-T^-|)> (67) 
where \m + |) = if m — \{p' — 1), and by the formulas 

m+l/2 , -m-l/2 

Q- ± (/ 1 )|m+|) = -^ -— ^ |m+|), m = 0,l,2,...,i0/-l), (68) 

Q~j}{h) ■= Q^(h)- (69) 

On the space 7i' s , four representations ac t by the corresponding formulas (65)-(69), but now 
m runs through the values 0, 1, 2, • • • , — 3). 

Let now p' be even. We denote by H r and H s , r — \{p' + 2), s = — 2), the complex vector 
spaces with the bases 

|0>, |1>, |2), ••• , \\p') 

and 

|1), |2), ••• , ||(j/-2)>, 

respectively. The representations Q{ and Qi' act on H r and 7i s , respectively, which are given 
by the formulas 

„m i fj—m 

Q^{h)\m) = ± q + \ \m), i = l,2, 

Cf^{h)\m) = l_| m +l) + 1 \m-l), i=l,2, 

g-g 1 g-g 1 

where \m + 1) or |m — 1) must be put equal to if the corresponding vector does not exist. 
Let Ti.pi/2 be the complex vector space with the basis 



\m 



\), m = 0,l,2,--- ±(p'-2). 



Four representations act on this space which are given by the formulas 

. , n m+l/2 , -m-l/2 

Q^{h)\m + \)= q - ±^ |m + |), 
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Q + V?Ci)\W - 2)> = ±— l —i\W - 2)> + — l —i\W - 4)>, 

y y y y 



and by the formulas 



m+1/2 , -m-1/2 

Qjt(h)\m + |) = ~ g g _ g g _, \m + \), 



Let us mention peculiarities of the representations described above. The operators Qi' ± (l2), 
Q^| t (/2), an d Q^(h) have nonzero diagonal matrix elements and nonzero traces. Moreover, 

the operators Q^(h) have two such diagonal elements. Spectra of the operators Qf^ih), 

Q^(Ii), Q\ ,:iz (Ii), Qi^ih) and Q^(I\) are not symmetric with respect to the zero point. 

Proposition 12. The representations Qf ,d= ; Q^f, Q^f > Qi^ > Qi'^j Q^/t are irreducible and 
pairwise nonequivalent. No representation Q' x is equivalent to any of these representations . 

Proof is the same as that of Proposition 3. 
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